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In a previous work we showed that, in a suitable setting, one can use diffeomorphism invariance 
in order to derive gravitational field equations from boundary terms of the gravitational action. 
Standing by our results we reply here to a recent comment questioning their validity. 
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In [l[ we claimed that, for a general gravitational ac- 
tion that leads to second order field equations, one can 
use surface terms in order to derive these equations for 
the case of pure gravity. This procedure is based on the 
requirement of diffeomorphism invariance but it also re- 
quires to adopt a special class of diffemorphisms which 
then leads to consider surface terms whose boundaries 
are local Rindler horizons (a notion firstly introduced in 
2]). In order to avoid being repetitive we are not going 
to review in detail our analysis here, nor are we going 
to state its implications, since these are extensively dis- 
cussed in A similar approach has been used in 1 
(see also references therein) for the Einstein-Hilbert ac- 
tion and later generalized to include the Gauss-Bonnet 
action in 

In H our findings are questioned on the base that the 
so called "healed Einstein-Hilbert action" 



an action is the following: 
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is manifestly diffeomorphism invariant and hence no in- 
formation can be extracted from it using this a symmetry. 
Moreover a mathematical derivation is presented aimed 
at showing that the surface terms arising in our approach 
are identically closed forms and therefore their integrals 
over the boundary vanish identically and not due to the 
fact that the field equations are satisfied. 

Let us first stress that the action JJJ) was given in [l[ 
as part of a review of the standard derivation of the field 
equation from the Einstein-Hilbert action, through met- 
ric variation. Indeed our approach applies to much more 
general actions {e.g. Lovelock type actions), besides those 
commonly used to derive Einstein's equations. Addition- 
ally, even if one wants to derive the Einstein field equa- 
tions, it is well known that flj) is not the unique action 
whose variation will lead to them Actually Einstein 
himself had noticed very early that the field equations of 
General Relativity could be derived via the variation of 
a non-covariant action 0, Q ■ A typical example of such 
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which is sometimes referred to as the Schrodinger form 
[9(. Note that the variations of flj and of non-covariant 
actions leading to the same field equations, such as (J2J) for 
example, are identical. Indeed the prescription for build- 
ing up the so called "bulk action" ' in [1] would naturally 
lead to Schrodinger type forms for the general gravita- 
tional actions considered there, given that to our knowl- 
edge the Einstein-Hilbert action can be "healed" (mod- 
ified to have a well defined variation) and still remain 
covariant only by taking form fl}. 

Nonetheless, since the authors of || concentrate on ac- 
tion (fT]) and what is claimed is that it is automatically 
diffeomorphism invariant, being built out of generally co- 
variant scalars, the following comments are due. 

While it is definitely true that action fT]) appears to 
be written in a generally covariant form, still it might be 
non-trivial to understand whether, and under which con- 
ditions, such an expression is indeed invariant under dif- 
feomorphisms. In fact one can easily write non-covariant 
expressions in a covariant form by introducing a back- 
ground geom etric structure, as it was pointed out already 
in 1917 This is exactly the case with the second in- 
tegral in fl]): Even though it is written in a generally 
covariant way it is, however, foliation dependent. There- 
fore, the action fT]) cannot be considered background in- 
dependent (which is the actual physical property usually 
enforced by requiring diffeomorphism invariance) even 
though it is indeed manifestly covariant (see e.g. the 
relevant discussion in (HI). See a l so the appendix of [l2j 
for an enlightening discussion about the covariance and 
the foliation dependence of fT}. 

What is more, the results on [l[ are not derived by us- 
ing the standard diffeomorphism invariance, i.e. invari- 
ance under diffeomorphism whose generator vanishes on 
the boundary and therefore map a manifold U on itself. 
On the contrary, what is used is a specific class of dif- 
femorphisms, parallel to the boundary, under which the 
action does not have to be invariant a priori, since they 
do not necessarily map U on itself. These diffeomor- 
phisms end up mapping U on U only after suitable con- 
straints on the generator of the diffeomorphism are im- 
posed. Such constraints can be generically fulfilled with- 
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out imposing any restriction on the form of the metric 
only by considering regions U whose boundaries dll are 
local Rindler horizons jUJ as in this case one can ask 
the action to be invariant under the special class of dif- 
fcomorphisms whose generating vector is taken to satisfy 
the Killing equation in a neighborhood of a point P. It 
must be stressed that this part of our procedure (common 
also to the approach reported in [!, |j] ) takes advantage 
of the background manifold structure, since by invoking 
the equivalence principle the neighborhood of each point 
is considered to be flat. In this sense it goes well beyond 
standard diffeomorphism invariance. 

Based on the three points made above, we believe that 
the answer of the main question raised in which can 
be summarized as "how can one obtain information by 
applying diffeomorphism invariance on a manifestly co- 
variant action" , comes in a straightforward manner: 

First of all, the Einstein-Hilbert action (Q]) considered 
in Q is not truly background independent for the above 
mentioned reasons. Second, one does not need to use ac- 
tion |T]) for the whole procedure as reported in [l[ , in the 
same way that one does not have to use this specific ac- 
tion in order to derive Einstein's equation through stan- 
dard metric variation. In general, if one refrains from 
introducing background structures, like a preferred fo- 
liation, the gravitational action leading to the Einstein 
equations will have an explicitly non-covariant form like 
e.g. ([2]). Finally, and most importantly, our approach 
picks up a very specific class of diffemorphisms under 
which even a generally covariant action needs to be in- 
variant only when considering small, non-compact, re- 
gions whose boundaries are local Rindler horizons (which 
can be defined through each point of spacetime thanks to 
its manifold structure). Requiring an action, covariant or 
not, to be invariant under this specific class of diffcomor- 
phisms is bound to provide some constraint equation. 

In this sense our work does not say that standard dif- 
feomorphism invariance is enough to recover the field 
equations for pure gravity, it provides instead an opera- 
tional prescription about how to recover the field equa- 
tions using the diffeomorphism invariance of the action 
and the knowledge about the local structure of spacetime. 

Having addressed the main conceptual objection pre- 
sented in we now want to point out the flaw in the 
mathematical argument used in their work to support 
their claims. 

As correctly stated in 5], the field equations are de- 
rived in [l[ via the expression 

/ d 3 x^/\h\G^n» = 0, (3) 

JH 

where TL denote the local Rindler horizon, £ M the local 
Killing vector and n v the normal to the horizon (see [l| 
for explanations regarding notation). Eq. ((3|) is taken 
in [l[ (and also in other approaches invoking the local 
Rindler horizon 0, Ojj]) to imply the vanishing of the 
integrand and therefore the field equation 

G^y - kg^ = 0, (4) 



where A is an arbitrary (cosmological) constant. These 
equations will have to hold throughout spacetime since 
each point can be consider to be part of some local Rindcr 
horizon Ji [l[ . 

It is claimed in [j| that ^/\h\G llv ^ il "n v is a closed form. 
If this is the case it should also be exact according to [l3| 
and consequently its integral over a compact boundary 
will vanish. Incidentally, let us notice that in [5| it is 
claimed that this criticism to our work does not apply 
to [H, [l2j due to, non specified, essential distinctions in 
the two derivations. For clarity's sake let us stress that 
for the case of pure gravity, despite the differences in the 
two approaches, both in [l| and in [1, [H|, one arrives at 
eq. §S§ before deriving the field equations, and therefore, 
if \/\h\G liV ^ 1 n 1 ' is indeed a closed form and the integral 
in eq. ([3]) was taken over a compact surface as claimed in 
Q then the criticism presented there should apply also 
in @, El. _ 

In order to show that yJ\h\G^ u ^n l/ is a closed form 
the following equation is used in Q: 

deiG^^n^lbcd) — d e (e a bcdG ak ^k) = (V a G afe £fc)e e i, C( j, 

(5) 

where e a bcd and ibcd are the volume elements on the re- 
gion U and its boundary dU respectively and d is the 
derivative operator that maps a p — 1-form to a p-form 
as defined in [l3j]. It is then claimed that due to the 
Bianchi identity and the fact that £ M satisfies the Killing 
equations one can write 

V a G Qfc Cfc = V a (G afe )a + G afc V a & = 0, (6) 

and therefore show that d e (G^ v ^n v eb c d) = 

However, one has to simply notice that in our case 
£ p satisfies the Killing equation only on the boundary, 
and more precisely on the local Rindler horizon, and not 
throughout U as the above argument requires. There- 
fore, one cannot claim that \/\h\G ilu £} l n v is a closed form 
based on the argument presented in [5(. However, it is 
actually possible to show that \/]h\G tlu £ l >1 n L ' is a closed 
form using the constraint equations of General Relativ- 
ity, without having to impose that £ M satisfies the Killing 
equation throughout spacetime, even though this was 
missed in [f|. Nonetheless, this is not sufficient for the 
integral in eq. ([3]) to vanish identically, since this also re- 
quires that this integral is take over a compact surface. 
This is obviously not the case here or in other approaches 
that make use of the local Rindler horizon pit since 
the integral is over the local Rindler horizon and not over 
some global boundary. 

To clarify this we recall that the local Rindler hori- 
zon is defined in the following way (2j: By invoking the 
equivalence principle consider a small region around any 
point P as locally flat and then introduce a Rindler frame. 
Then the null hypersurface passing from P will act as 
a local Rindler horizon for a suitable congruence of ob- 
servers. Of course the local Rindler horizon is a notion of 
approximate nature defined in an open neighborhood of 
each point and therefore it cannot constitute a compact 
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surface as required for the integral in eq. ([3]) to vanish 
identically. Therefore, equation ^ is not a trivial iden- 
tity as claimed in [5] and the vanishing of the integral 
on its left hand side indeed implies that the integrand 
vanishes leading to eq. ([4]). 

In conclusion, we believe that the claims presented in 
are not well based and should not be considered as 
an argument against the approach presented in |l[ or in 



other relevant papers such as ref. [H, 0| • 
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